Universal and approximate relations for the gravitational-wave damping
  timescale of $f$-modes in neutron stars by Lioutas, Georgios & Stergioulas, Nikolaos
Noname manuscript No.
(will be inserted by the editor)
Universal and approximate relations for the gravitational-wave damping timescale of
f -modes in neutron stars
Georgios Lioutas · Nikolaos Stergioulas
Received: date / Accepted: date
Abstract Existing estimates of the gravitational-wave damping timescale of the dominant quadrupole oscillation mode
in the case of rapidly rotating stars are based on using a Newtonian estimate for the energy of the mode, in combination
with the lowest-order post-Newtonian quadrupole formula for estimating the gravitational-wave luminosity. We inves-
tigate a number of other choices for estimating the gravitational-wave damping timescale in the nonrotating limit and
construct a highly accurate, empirically corrected formula that has a maximum relative error of only 3% with respect to
the perturbative result in full general relativity. The expressions involved are sufficiently general to be extended to the
case of rapidly rotating stars. We also present a new higher-order empirical relation for the gravitational-wave damp-
ing timescale of quadrupole oscillations that is accurate in the whole range of expected values for the compactness of
neutron stars, without the need for involving the moment of inertia.
Keywords Gravitational waves · f-mode · Damping time · Approximate relation · Neutron stars
1 Introduction
Fundamental properties of neutron stars (such as their radius and the composition of matter at their center) remain
elusive, mainly because of large uncertainties in the determination of their radius through observations in the electro-
magnetic spectrum (see e.g. [40, 42, 55]). An alternative approach for measuring neutron star radii and constraining
the equation state (EOS) of matter at high densities is the application of gravitational-wave asteroseismology to ei-
ther isolated stars [4, 5, 32] or binary neutron star merger events [8–11, 49]. The successful detection of gravitational
waves from neutron star oscillations will rely on accurate models of the expected waveforms (see e.g. [13, 19, 57]). A
critical input for analytic models is the damping timescale of oscillations due to gravitational-wave emission. While
this timescale can be accurately computed for nonrotating stars (e.g. [3]), in the case of rapidly rotating stars (includ-
ing differentially rotating merger remnants) only very rough estimates exist (e.g. [18, 23, 46, 48]). This is because the
quasi-normal modes of rapidly rotating neutron stars have only been computed in either the Cowling appoximation
(e.g. [23, 24, 31]) or in the IWM-CFC approximation [58] where, in both cases, the imaginary part of the quasinormal
mode frequency (describing the gravitational-wave damping timescale) is being neglected, see [27, 44] for extensive
reviews. Quasi-normal f−modes of rapidly rotating stars have also been studied in full general relativity, but in simu-
lations where the total simulation time was long enough to only allow the real part of the frequency to be determined,
but too short for the gravitational-wave damping timescale to be extracted (e.g. [26, 60] ).
Existing estimates of the gravitational-wave damping timescale of the dominant oscillation modes in the case
of rapidly rotating stars are based on using a Newtonian estimate for the energy of the mode, E, in combination
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with the lowest-order post-Newtonian quadrupole formula for estimating the gravitational-wave luminosity, |dE/dt|,
(e.g. [23, 24]). The gravitational-wave damping timescale is then obtained from 1/τGW = (1/2E)|dE/dt|.
Here, we investigate a number of other choices for estimating τGW (focusing on the l = 2 f−mode) and compare
their relative accuracy with respect to the exact result in the nonrotating limit. We show that a specific choice of E
and dE/dt, which was used in [15], stands out for its higher accuracy. Furthermore, we find an empirical relation that
corrects for the difference between the approximate and exact results. This allows us to construct a final, corrected,
empirical formula for τGW that is of very high accuracy. The expression is sufficiently general to be applied also for
rapidly rotating stars.
The damping timescale τGW for f−modes was shown to satisfy an empirical relation (as function of the compact-
ness M/R) when scaled by M3/R4 in [5] (where M is the mass and R is the radius of the star). A higher-order relation,
but with a very different scaling (to match the scaling of the real part of the eigenfrequency), was proposed in [53]. In
addition, a highly accurate relation as function of an effective compatness, η , that involves the moment of inertia I was
shown to exist in [34], see also [17, 24]. Here, we generalize the expression proposed in [5] to higher order, showing
that it describes τGW with high accuracy for all values of compactness, in contrast to the relation of [53], which is accu-
rate only in a limited range. This eliminates the need for using the moment of inertia. The gravitational-wave damping
timescale τGW can be thus described by a highly accurate universal relation that only involves M and R.
In the following sections, we briefly describe the theoretical and numerical setup, present numerical results and
compare their accuracy. Next, we construct empirical relations and we conclude with a discussion. We set c= G= 1,
unless otherwise specified. Greek indices are taken to run from 0 to 3, Latin indices from 1 to 3, and we adopt the
standard convention for the summation over repeated indices.
2 Neutron star oscillations
2.1 Linear perturbations of nonrotating stars
Extensive reviews of the formalism for linear oscillations of nonrotating relativitistic stars can be found in [27,32]. We
consider a nonrotating star in equilibrium, working in Schwarzschild coordinates t,r,θ ,φ . The matter is taken to be a
perfect fluid with stress-energy tensor Tαβ = (ε+ p)uαuβ + pgαβ , where ε is the energy density, p is the pressure and
uα is the 4-velocity of the fluid. Due to the symmetries of the background, linear perturbations of an equilibrium model
can be decomposed into a sum of independent quasi-normal modes, each depending on a specific spherical harmonic
Ylm (for scalar quantities) and polar or axial vector or tensor spherical harmonics for vectors or tensors, correspondingly.
The time dependence of all perturbed quantities is assumed to be harmonic, i.e. proportional to eiωt , where ω is the
complex eigenfrequency of the quasinormal mode. The latter can be decomposed as
ω = σ +
i
τGW
, (1)
where σ := 2pi f is the real part of the pulsation frequency and τGW is the gravitational-wave damping timescale.
Choosing to work in the Regge-Wheeler gauge [45], the full spacetime metric (equilibrium plus polar perturbation)
can be written in the form [35]
ds2 =− e2ν
(
1+ rlH lm0 Ylme
iωt
)
dt2−2iωrl+1H lm1 Ylmeiωtdtdr
+ e2λ
(
1− rlH lm0 Ylmeiωt
)
dr2 + r2
(
1− rlKlmYlmeiωt
)(
dθ 2 + sin2 θdφ 2
)
.
(2)
Here, ν(r) and λ (r) are the unperturbed metric functions, while H0(r), H1(r) and K(r) are functions describing polar
perturbations of the spacetime in this gauge.
The covariant components of the Lagrangian displacement ξ µ of fluid elements can be decomposed as
ξr = eλ rl−1W lmYlmeiωt , (3a)
ξθ =−rlV lm∂θYlmeiωt , (3b)
ξφ =−rlV lm∂φYlmeiωt , (3c)
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whereW lm andV lm are functions of r only. The corresponding Eulerian change in the 4-velocity has spatial components
δui = ut∂tξ i = iωe−νξ i and time-component δut = 1/2(ut)3δgtt =−e−νδν . The Eulerian perturbation in the energy
density is decomposed as
δε = rlδε lmYlmeiωt , (4)
where δε lm is a function of r.
In [20] a new variable is defined as
X lm = ω2(ε+ p)e−νV lm− 1
r
dp
dr
eν−λW lm+
eν
2
(ε+ p)H lm0 . (5)
and H0 is then eliminated using one of the perturbed field equations. This yields a system of differential equations for
the four functions H lm1 ,K
lm,W lm and X lm.
Requiring regularity at the center, one obtains boundary conditions for H lm1 and X
lm. Because X lm is directly related
to the Lagrangian perturbation of the pressure, setting it to zero provides another boundary condition at the surface.
The above three conditions suffice to obtain solutions of the perturbed quantities in the interior of the star, for arbitrary
values of the complex frequency ω , corresponding to a combination of ingoing and outgoing waves.
The eigenfrequencies of the (astrophysically relevant) purely outgoing quasi-normal modes form a discrete spec-
trum of frequencies for which there are no incoming waves. These are obtained by matching the interior solution to the
exterior solution described by the Zerilli function [59]
Zlm =
rl+2
nr+3M
(Klm− e2νH lm1 ), (6)
where n=(l−1)(l+2)/2, demanding continuity at the surface as well as continuity of first derivatives. In the numerical
implementation, we adopt the approach of Andersson, Kokkotas and Schutz [3], introducing a new variable Ψ lm in
place of Zlm as
Ψ lm =
(
1− 2M
r
)
Zlm, (7)
which has the benefit of suppressing oscillatory behaviour in the solution. Due to the spherical symmetry of the back-
ground, we only consider the m= 0 case.
2.2 Pulsation energy
The energy in the oscillation mode will be the sum of the kinetic energy and the potential energy, the two ener-
gies being out of phase by pi/2 and both decaying with time as e−2t/τGW . For example, if the kinetic energy is
Ekin = E0kin sin
2(σt)e−2t/τGW , then the potential energy will be Epot = E0pot cos2(σt)e−2t/τGW , where E0kin and E
0
pot are
the maximum values of these energies in the first oscillation cycle.
The total energy Emode will be E := Ekin +Epot = E0modee
−2t/τGW and since E0mode should be constant within one
oscillation cycle, it follows that E0mode = E
0
kin = E
0
pot [52]. For calculating E
0
mode it is thus sufficient to calculate the
kinetic energy E0kin as the integral over the proper volume of the redshifted total kinetic energy density:
E0mode = E
0
kin =
∫
V
1
2
(ε+ p)δviδv∗i (u
t)−1
√
3gd3x, (8)
=
1
2
σ2
∫ R
0
dr r2l(ε+ p)eλ−ν
[
|W l0|2 + l(l+1)|V l0|2
]
, (9)
where 3g is the determinant of the induced metric on a t−const. hypersurface, ut is the t-component of the 4-velocity
uα and δviδv∗i = gi jξi,tξ ∗j,te−2ν . The asterisk sign ∗ implies complex conjugation.
Notice that instead of the maximum kinetic energy E0kin, one could use the averaged (over a full period) kinetic
energy < Ekin >, in which case the pulsational energy of the mode would be E0kin = 2 < Ekin >, as in [28].
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2.3 Gravitational-wave luminosity
The luminosity in gravitational waves can be estimated using the standard quadrupole formula (SQF), which assumes
slowly-varying, weak-field sources (see [33]). In terms of the reduced quadrupole moment tensor
Qi j =
∫
ρ
(
xix j− 1
3
r2δ i j
)
dV (10)
and averaging over several characteristic periods, the quadrupole formula for the rate of energy loss due to gravitional
wave emission becomes 〈
dE
dt
〉
GW
=−1
5
<
...
Qi j
...
Qi j > (11)
(e.g. [37]). For an l = 2, m= 0 mode, the Eulerian perturbation in the rest-mass density can be decomposed as
δρ = δρ(r)Y20eiωt (12)
= δρ(r)
√
5
4pi
P2(cosθ)eiωt , (13)
with the usual definitions of spherical harmonics and Legendre polynomials. The explicit evaluation of (11) then yields
( [41]) 〈
dE
dt
〉
GW
=−4pi
75
σ6
(∫ R
0
r4δρ(r)dr
)2
, (14)
where δρ(r) is the radial part of the Eulerian perturbation in the Newtonian rest-mass density.
Equation (14) is only a lowest-order approximation, whereas the pulsation energy (9) is known in full general
relativity. Combining (14) with (9) to obtain τGW is thus inconsistent. In the absence of better choices1, one could
thus test various ad hoc modifications of (14) and evaluate their effect on computing τGW. A similar approach has
been followed in proposing various modified forms of the SQF for computing the amplitude of gravitational waves
(see [6, 12, 22, 39, 47]) and here we extend this approach to modifications of the gravitational-wave luminosity (14).
Specifically, we replace the rest-mass density ρ by an effective density ρeff and evaluate the corresponding Eulerian
perturbation δρeff.
Table 1 lists various choices we make for ρeff along with the corresponding δρeff. In (14), δρ(r) is then replaced
by δρeff(r). The cases SQF1, SQF2 and SQF3 correspond to the same choices of ρeff (keeping the same naming
convention) as in [6]. The case where ρeff is chosen to be the relativistic energy density ε was proposed in [15] and
here we call it the relativistic quadrupole formula (RQF) (it is, of course, only an ad hoc modification of SQF and not
a fully relativistic formula).
Table 1: Different choices for the effective density ρeff and its Eulerian perturbation δρeff that are used in (14) in place
of δρ .
ρeff δρeff
SQF ρ δρ
SQF1 a2
√γT tt 2aδa√γT tt +a2 δγ
2
√γ T
tt +a2
√γδT tt
SQF2
√γWρ δγ
2
√γWρ+
√γδWρ+√γWδρ
SQF3 utρ utδρ+ρδut
RQF ε δε
The definitions of ρeff in Table 1, include quantities from a 3+1 split of spacetime (see e.g. [1]), namely the lapse
function a= eν , the Lorentz factor W = uta and the determinant γ = det |γi j| of the 3-metric γi j.
1 We are interested in obtaining
〈 dE
dt
〉
GW through integration over the source, rather than over a sphere at large distance.
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Table 2: Different ways for constructing approximate formulas for τGW. In the first column, N stands for the Newtonian
pulsation energy (16) and R stands for the relativistic pulsation energy (9).
E0mode < dE/dt >GW τGW
N SQF N/SQF
R SQF1 R/SQF1
R SQF2 R/SQF2
R SQF3 R/SQF3
R RQF R/RQF
2.4 Gravitational-wave damping timescale
The damping timescale of oscillations due to the emission of gravitational waves may be obtained as
1
τGW
=−< dE/dt >GW
2E0mode
, (15)
where < dE/dt >GW is the luminosity in gravitational waves, averaged over a few oscillation periods.
When accurate values for τGW are not available (as is currently the case for rapidly rotating stars), relation (15)
can be used to obtain an estimate, by choosing suitable expressions for E0mode and < dE/dt >GW. Table 2 shows
the different combinations of E0mode and < dE/dt >GW that we consider here. The SQF is combined only with the
Newtonian expression of the pulsation energy ( [51])
(E0mode)Newt =
1
2
∫
V
ρδviδ ∗vidV, (16)
whereas SQF1, SQF2, SQF3 and RQF are combined with the relativistic pulsation energy (9). The corresponding
naming convenction for each combination is shown in the third column of Table 2.
Table 3: List of EOS used for constructing nonrotating equilibrium models.
EoS Reference
WFF1 Wiringa et al. [56] (denoted AV14+UVII)
WFF2 Wiringa et al. [56] (denoted UV14+UVII)
HHJ Heiselberg & Hjorth-Jensen [29, 30]
SkI4 Chabanat et al. [16] ; Farine et al. [25]
Ska Chabanat et al. [16] ; Farine et al. [25]
MDI Prakash et al. [36]
O Bowers et al. [14]
N Walecka [54]
L Pandharipande & Smith [43]
On the other hand, the numerical data for τGW in full general relativity, as obtained by solving for the complex
eigenvalues of the system of perturbation equations described in Section 2.1, will be denoted as perturbative GR in the
following Sections.
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3 Equilibrium models
We use nine different EOS, which cover a large part of the allowed mass-radius parameter space, while satisfying the
observational constraint of producing a maximum-mass configuration with gravitational mass M > 2M. Table 3 lists
the main reference for each EOS (WFF1, WFF2, SkI4, Ska, MDI(L95), H-HJ(d=0.13), O, N, L). Figure 1 displays the
gravitational mass vs. radius relation for models of nonrotating neutron stars constructed with the above nine EOS. Only
stable models, up to the maximum mass, are considered. The maximum mass ranges between 2M and 2.7M,whereas
typical radii are in the range between ∼ 10km for very soft EOS and ∼ 15km for very stiff EOS, which is a measure
of the current uncertainty in the theoretical description of the EOS matter at densities larger than a few times nuclear
density.
M
	/
M
⊙
0.5
1
1.5
2
2.5
3
 
R	(km)
10 12 14 16 18
 
WFF1
WFF2
HHJ
Skl4
Ska
MDI
O
N
L
Fig. 1: Mass-radius relation for the EOS under consideration.
4 Universal relation for the gravitational-wave damping timescale
Andersson and Kokkotas [5] showed that the damping timescale τGW for f−modes, when scaled by M3/R4, satisfies
the following empirical relation, as a function of the compactness M/R
τGW×M3/R4 = 10.0862−0.2672(M/R) , (17)
(written here in our chosen units). The expected M3/R4 scaling follows from the lowest-order dependence of the ratio
E0mode/< dE/dt >GW on M and R. It is obvious that Eq. (17) can also be written as
M/τGW = 0.0862(M/R)4−0.2672(M/R)5. (18)
A very different empirical relation for τGW was proposed in [53], in order for both the real and imaginary parts of
the eigenfrequency to satisfy the same complex relation. The empirical relation in [53] was
M/τGW =−6.2×10−5 +6.7×10−4(M/R)−5.8×10−4(M/R)2. (19)
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Fig. 2: Universal relation, Eq. (20), for the gravitational-wave damping timescale (shown here as M/τGW vs. compact-
ness, blue line). The previous relations by Andersson & Kokkotas (1998), Eq. (18), and by Tsui & Leung (2005), Eq.
(19), are also shown with solid lines in their respective range of validity and with dashed lines outside of that range.
In addition to the above relations, which depend only on M and R, a highly accurate empirical relation was shown to
exist in [34], which, however, is a function of an effective compatness, η , that involves the moment of inertia I, see
also [17, 24].
Here, we extend the relation found by Andersson & Kokkotas [5] to higher order. We find that the numerical data
for τGW obtained by solving directly for the complex eigenvalues of the perturbation equations presented in Section
2.1. are described very accurately by the following universal relation
M/τGW = 0.112(M/R)4−0.53(M/R)5 +0.628(M/R)6. (20)
This relation was constructed by taking into account only models with M/R> 0.1. The reason behind this choice is
that these models are physically interesting and of practical use. Yet, one should note that even in the region M/R< 0.1
the agreement with the numerical data remains excellent.
Fig. 2 presents our numerical data. As M/R increases, the configuration becomes more relativistic, so gravitational
radiation becomes a more effective damping mechanism, thus the damping time τGW decreases. However, when M/R
becomes large enough, the peak of the exterior potential emerges, making the situation analogous to barrier penetration
in wave mechanics [2, 21]. Gravitational waves find it harder to escape to infinity and thus τGW becomes larger. Ac-
cording to our results, this occurs at roughly M/R≈ 0.28. Combined with how M behaves as M/R increases, apparent
in Fig. 1, the shape of M/τGW in Fig. 2 is explained.
Furthermore, Fig. 2 compares our new relation (20) to the numerical data, as well as to the previously suggested
relations (18) and (19). It is evident that (18) and (19) have comparable absolute errors in the limited range of 0.13 <
M/R < 0.27. Eq. (18) describes fairly well the Newtonian limit, where 1/τGW → 0 as M/R→ 0, but loses accuracy
for very compact stars of M/R> 0.27. In contrast, relation (19) does not display the correct Newtonian limit and also
loses accuracy for very compact stars. Our new relation (20) describes the data with high accuracy for any value of the
compactness, up to the most compact stars with M/R= 0.33 that we consider here.
The fact that our new universal relation (20) is highly accurate in the whole range of 0 <M/R< 0.33 (the standard
statistical correlation coefficient is 0.9997) eliminates (at least for neutron stars) the need for using the moment of
inertia, as was done in [17, 24, 34]. The gravitational-wave damping timescale τGW can be thus described by a highly
accurate universal relation that only involves M and R, for which the prospects of determination in gravitational-wave
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sources are realistic, whereas the simultaneous determination of the moment of inertia appears far less likely. For
practical purposes, (20) is thus a better choice over previously suggested relations.
5 Accuracy of different approximations for the damping timescale
Approximate gravitational-wave damping timescales τGW for the l = 2, m = 0 f−modes, for all nine EOS and for
different compactness M/R (up to the maximum compactness reached by each EOS) were computed using the five
different methods listed in Table 2. The different panels in Figs. 3 and 4 show τGW, as obtained by the different
approximation methods, in comparison to τGW obtained by solving for the complex eigenvalues of the system of
perturbation equations described in Section 2.1 (only four representative EOS are shown, with results for the other
five EOS being similar). To our knowledge, this is the first such direct comparison of approximations for τGW to the
actual perturbative results, except for the standard quadrupole formula (N/SQF), which was compared to the actual
perturbative result for polytropic models in [7].
The detailed comparisons displayed in Figs. 3 and 4 reveal that the R/RQF approximation (that is, combining the
relativistic pulsation energy (9) with a quadrupole formula for the luminosity, in which the density is replaced by the
energy density) is by far the best of all five approximation methods considered here. For all EOS, the damping timescale
τGW computed with R/RQF is close to the relativistic perturbative result, with the maximum relative error being in
the range 5%− 10%, depending on the EOS. This is significantly more accurate than either the standard quadrupole
formula N/SQF or the other approximations considered here (see below). R/RQF overestimates (underestimates) the
perturbative results for compactness & 0.15 (. 0.15). The error does not depend monotonically on the stiffness of the
EOS. Notice that for a given EOS the maximum error is attained for compactness∼ 0.27−0.29, while the models with
maximum compactness have somewhat smaller error (see Fig. 5 below). Especially for mildly relativistic stars with
compactness M/R. 0.2, the R/RQF approximation has a relative error smaller than 6% for all EOS in our sample.
The other approximations considered here have significantly larger relative errors, that reach up to 50%, 30% and
63% for R/SQF1, R/SQF2 and R/SQF3, respectively (in all cases these approximations underestimate the perturbative
result). These largest errors are attained for the softest EOS in our sample (WFF1) and for models with the highest
compactness of ∼ 0.34. Even for mildly relativistic stars, the relative error when using the approximations R/SQF1,
R/SQF1 and R/SQF3 is still significant. The standard quadrupole formula N/SQF overestimates the perturbative results,
with the error increasing as the compactness increases (in the Newtonian limit we correctly recover the perturbative
results). The maximum error with N/SQF is 73% for the most compact model of EOS WFF1.
One should keep in mind that (9) is exact for spherical stars. As such, it is bound to be a better choice than its
Newtonian version (16). In the meantime, we have shown numerically that R/RQF is a better approximation than any
of the R/SQF1,R/SQF2 and R/SQF3. This is a result that could be further studied through a post-Newtonian analysis.
In addition, in the case of rotating stars, (8) and (11) could be employed in order to compute τGW as long as the real
part of the eigenfunctions is known (see, e.g. [38, 50, 58] for computations of the real part of the eigenfunction of
perturbations in rapidly rotating neutron star models).
We define the relative difference between the actual perturbative result τpertGW and an approximate result τ
approx
GW
(obtained with one of the approximate methods listed in Table 2) as
∆τ
τ
=
(
τpertGW− τapproxGW
τapproxGW
)
. (21)
Fig. 5 displays the relative difference ∆τ/τ as a function of compactness M/R for the most accurate approximation
R/RQF, shown for all nine EOS. The relative difference vanishes for compactness M/R∼ 0.15 and increases for smaller
or larger compactness, reaching a maximum magnitude close to the maximum compactness allowed by each EOS (for
the most compact stars, the approximate relation becomes more accurate, again). The maximum relative difference, as
defined by (21), is 4.5% for the MDI EOS (which has the smallest maximum mass), 7% for the EOS HHJ, SkI4 and
Ska, which are of intermediate stiffness and 8%-9.5% for the very soft EOS WFF1, WFF2 as well as for the very stiff
EOS N and L.
We thus find that the approximate formula R/RQF yields gravitational-wave damping times that are within 10% of
their exact value, which is significantly more accurate than either the standard quadrupole formula N/SQF or the other
three modifications R/SQF1, R/SQF2 and R/SQF3.
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Fig. 3: Damping timescales τGW computed through perturbation theory in full GR as well as through several different
approximation methods (see text for definitions). Top panel (3a): EOS WFF1, bottom panel (3b): EOS Ska.
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Fig. 4: Same as Fig. 3, but for EOS MDI (4a) and L (4b).
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Fig. 5: The relative error ∆τ/τ vs. M/R between the R/RQF approximation and perturbative GR for all EOS under
consideration. The universal 3rd-order fit is used for constructing the empirically-corrected relation (23).
6 Empirically corrected approximate relation
We find that the relative difference between the R/RQF approximation and the perturbative results, as defined in (21)
is described well by the following universal, 3rd-order empirical relation
∆τ/τ ' 1.47
(
M
R
)
−13.3
(
M
R
)2
+25.3
(
M
R
)3
, (22)
(see Fig. 5). In constructing (22), we only used models with M/R > 0.1 and restricted the fit to satisfy the constraint
∆τ/τ → 0 as M/R→ 0.
Solving (21) for τpertGW = τ
approx
GW (1+∆τ
/
τ) we thus obtain an empirically corrected damping timescale
τGW ' τ(R/RQF)GW
[
1+1.47
(
M
R
)
−13.3
(
M
R
)2
+25.3
(
M
R
)3]
, (23)
where the correction factor in brackets is EOS-independent. The maximum relative error of this relation is only 3%.
An example of the empirically corrected damping timescale, as a function of compactness, is shown in Fig. 6, in the
case of EOS Ska.
Instead of using the empirical relation (22) in (23), valid for all EOS, one may wish to construct individual corrected
relations using a 3-order fit for ∆τ/τ for each EOS separately. Table 4, lists the corresponding fits for each EOS and
the corresponding maximum relative error in τGW in each case.
7 Discussion and outlook
Existing estimates of the gravitational-wave damping timescale τGW of the dominant quadrupole oscillation mode in the
case of rapidly rotating stars are based on using a Newtonian estimate for the energy of the mode, in combination with
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Fig. 6: Gravitational-wave damping timescale τGW for quadrupole oscillations, computed with perturbation theory in
full GR, the R/RQF approximation and the empirically corrected relation (23). The latter reproduces the perturbative
results with high accuracy.
Table 4: Empirical fits to the relative error ∆τ/τ for each individual EOS. The last column shows the maximum relative
error of (23) when these fits are used in place of the universal relation (22).
EOS Cubic Fit Maximum relative error in τGW
WFF1 ∆ττ
∣∣
WFF1 = 1.79
(M
R
)−16.1(MR )2 +30.5(MR )3 0.66%
WFF2 ∆ττ
∣∣
WFF2 = 1.81
(M
R
)−16.4(MR )2 +31.8(MR )3 0.39%
HHJ ∆ττ
∣∣
HHJ = 1.6
(M
R
)−14.6(MR )2 +28.7(MR )3 0.41%
SkI4 ∆ττ
∣∣
SkI4 = 1.5
(M
R
)−13.7(MR )2 +26.6(MR )3 0.34%
Ska ∆ττ
∣∣
Ska = 1.62
(M
R
)−14.6(MR )2 +28.6(MR )3 0.44%
MDI ∆ττ
∣∣
MDI = 1.43
(M
R
)−12.8(MR )2 +25.4(MR )3 0.11%
O ∆ττ
∣∣
O = 1.39
(M
R
)−13.1(MR )2 +25.2(MR )3 0.43%
N ∆ττ
∣∣
N = 1.55
(M
R
)−14.5(MR )2 +28(MR )3 0.30%
L ∆ττ
∣∣
L = 1.55
(M
R
)−14.5(MR )2 +28.2(MR )3 0.15%
the lowest-order post-Newtonian quadrupole formula for estimating the gravitational-wave luminosity (e.g. [23, 24]).
We investigated a number of other choices for estimating τGW (in the nonrotating limit) and compared their relative
accuracy with respect to the perturbative result in full general relativity. We found that a specific choice, which we call
R/RQF and which was used in [15], stands out for its higher accuracy. Furthermore, we found an EOS-independent
empirical relation that corrects for the difference between the approximate and exact results, leading to a empirically
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corrected formula for τGW that has a maximum relative error of only 3%. The expressions involved in the R/RQF are
sufficiently general to be applied also for rapidly rotating stars.
Investigating the EOS-dependence of damping timescales of quadrupole oscillations for nonrotating stars, we were
also able to extend the empirical relation first found in [5] to higher order. Our new expression is more accurate for
models of high compactness and is superior to a different relation proposed in [53]. In addition, it eliminates (at least
for neutron stars) the need for using a rescaled, effective compatness, that involves, apart from mass and radius, also
the moment of inertia I, as was proposed and used in [17, 24, 34]. Our new high-order empirical relation could also
be extended to rotating stars in a way that only M and R and a third parameter describing the amount of rotation is
involved.
We plan to revisit the generalizations to rotating stars in future work.
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